BOUNDARY VALUE PROBLEMS OF ELASTICITY THEORY FOR PLANE DOMAINS
WITH ONE-DIMENSIONAL ELASTIC REINFORCEMENTS

S. E. Mikhailov and I. V. Namestnikova UDC 624.078.416:539.4

Many authors have examined problems related to the load transmission from an elastic
rod to an elastic plane. It was assumed in the majority of investigations. that the stringer
is a thin rectilinear rod transmitting only longitudinal forces while the rod contact with
the plane is realized along a line. Different modifications of sheet contact with a recti-
linear tensile stringer considered as an inner stringer of finite length or as an infinite
edge stringer were analyzed in [1, 2]. Problems about the reinforcement of holes in a plate
by a thin rod of constant section that possesses bending and longitudinal stiffnesses were
solved in [3]. The eccentricity of the connection between the shell middle surface and the
rod was taken into account in [4] in a study of shells reinforced by thin curvilinear rods.
Other models of the one-dimensional element connected to an elastic medium without taking
account of its bending stiffness were analyzed in [5, 6]. Solutions of a number of problems
with circular reinforcing elements are obtained in [7].

An isotropic finite or infinite, linearly elastic plate reinforced along part or all of
the boundary and along certain internal lines by elastic curvilinear rods possessing variable
longitudinal and bending stiffnesses, variable curvature and thickness, the eccentricity of
the connection to the plate and with an arbitrary transverse section shape symmetric relative
to the plate middle surface are studied in this paper. Boundary conditions on the line of
plate contact with the inner or edge elastic rods are obtained for the reinforcement models
generalizing [1, 2] by using the theory of elastic rods in the case of a plane state of
stress. Existence and uniqueness theorems are proved for appropriate boundary value problems;
the singularity of the stresses at angles and tips of the rods are proved. The relationships
obtained carry over completely to the plane strain problem for an elastic cylinder reinforced
by homogeneous cylindrical shells along the generator. Some of the results described here
are represented in [8].

1. ONE-DIMENSIONAL CURVILINEAR REINFORCEMENTS

Let xi be a Cartesian coordinate system whose plane (x;, xX,) agrees with the plane of
the rod central axis L, (the line of centers of gravity of its transverse sections) that is
a plane piecewise-smooth curve without reentry points, and let x;° be coordinates of the
points of L,. Let us parametrize the central axis by using the arc length 7, and let us
denote the rod transverse section by Q(t), the boundary of the transverse section by 3a(t),
and its area by A(t). Furthermore, unless specified otherwise, we consider the subscripts
on the subscripted parameters to vary between 1 and 2 and understand summation between these
limits over repeated subscripts. Let us introduce the vector tangent to the central axis
ki® = %;°(1) and its normal n;°(t) = ejjkj°(t), where ejj is an alternating symbol: e, =
—-e,; =1, e;; = ez, = 0, and the dot overhead denotes the derivative with respect to 1. We
assume one of the principal axes of inertia of the rod transverse section lies in the (x,,
X,) plane.

Let bulk forces f;(x) act on the rod, while an external surface load Ti(x)' Fi(t1) is
applied to the rod side surface, T, is the principal vector of forces in the transverse sec-
tion of the rod T < T, acting on its part with coordinates tv > T, from the side of the part
M{(t,) is the moment of these forces relative to the center of the gravity of the transverse
section {(the moment acting counterclockwise is considered gositive), v;%(t) is the displace-
ment of the rod central axis. We designate the nodes tR(®) (o = 1-Ng) of the line L, its
angular points, where we will consider conditions of rigid connection of parts of the rod
given and also points where concentrated (on sections passing through these points) forces
and moments are given.
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Let the boundary conditions

Fi(n) = —F®, M (r) = — UMD, Fi(r) = P, M () = M® (1.1)

be given on the ends of the rod t;, 1, (1, > 7;). If the rod is closed, we select a point

T, such that no forces or moments would be concentrated there, then the boundary conditions
(1.1) are replaced there by continuity conditions for the forces, moments, displacements, and
rotations

Fi(v) [Ij:M(r)ﬁj:o, T, =1, kL (1.2)

o (1) [ = v (1) n (x) |22 = 0. (1.3)

We have at the nodes TR(G)

Fi( +0)—Fi(¢P—0)=—F@ MGEE + 0) M (P —0)= M,
v (v + 0) — vt (v ~ 0) = (1.4)
o2 (v 4 0) nd (3 + 0) — o (& — 0) n? (r‘,;” —0)=0.

Here Fi(j), FRi(a) are given forces, M(j), MR(a) are given bending moments, and % is the
length of Ly, j = 1, 2.

Let & = (x5 — x1°(1))n;°(t) be the projection of the radius-vector connecting the center
of gravity of the transverse section with an arbitrary point of the section on the normal
n;%(t). Using the hypothesis of plane sections, we represent the displacement of a point of
the rod that does not lie on the central axis with coordinates x;{(t, &) = x3(t, 0) + &n;°(7)

[9]

pi(, B = 2H(r, §) — 7 (1, §) = v} (v) — ERIn ] (2,

Vi (1) = wi(t, 0), 23 (1): = 2:(x, 0) (1.5)

(x; and xi' are coordinates of a point before and after deformation). It is taken into ac-
count in deriving (1.5) that under conditions of smallness of the angles of rotation

’ Z dT . N 0/
2l = ey . Jd i (/iﬁ u?;) (1— k?bjo) ~ nd — kv (z) 7] (3).

Neglecting transverse stesses in the rod, setting [£| « 1 and using the Hooke's law,
after integrating over { we express the longitudinal force F;(1)k;°(t) acting in the trans-
verse section of the rod and the bending moment M(t) relative to the center of gravity in
terms of the displacement of the central axis

Fi(0) k2 (1) = (G + 2G) 3 + 4G, (ndof)
M (x) = — Gy [yofkd + (nfed) ], (1.6)
C) — EM (AQ), Gl = EV @I,  J@= [ B+ 0y

Q(7)

Here x(t) = k;%n;° is the curvature of the rod central axis (x > 0 if the center of the
tangent circle lies to the left of the rod during a positive transversal), E(r) is the Young's
modulus of the rod material, and G and G; are the rod longitudinal and bending stiffnesses.

The rod equilibrium equations in the notation used are written in the form [4, 9]

Fi(v) = — pi(x), M (v) — Fi () ni (1) = — m (v); (1.7)
pi = (Fo@yaa+ | Tw(wgdl,
o) 82(%)
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m) = | [FaEd a2+ [ Tako (g, (1.8)

Q) 0Q(1)

0(r, & := {[t + »(E@ I + B0},

where pj(1) and m(t1) are tne linear forces and moments that occur during transfer of the
bulk load fi and surface load Ti acting on the rod over the line L,, and are distributed
along the rod central axis. Together with the boundary conditions (1.1)-(l.4) the relation~
ships (1.6) and (1.7) yield a complete system of equations for plane curvilinear rods. Fur-
thermore, rods are examined for which the longitudinal and bending stiffnesses are 0 < G,

G, £ = while the curvature is [x| < =.

We shall consider the set of functions {v;°(t), Fi(t), M(t)} on the line L, to belong

to the class H(r)(LO) if the functions v;°(t), Qi°(r)ni°(1), Fi(t), M(t) are absolutely con-
tinuous at all points of L; with the exception, perhaps, of the nodal points, satisfy (1.6)
almost everywhere on L;, and have finite left and right limits at the nodes.

Let the set {v;°, Fj, M}, {vy*0, Fi¥%, M*} e H(r), We introduce the notation

2. (o0, O = [ (G0 + Gy [yl + (n3od) T Lo K3 + (nfvi®) 1) de = (1.9)

L

S {% (Fikd + M) (F3I5 + yM*) + G—il MM*}dr.

Ly

Then setting P; = —F;, m = -M + Fin;°, by using integration by parts we obtain the Green's
formula for the rod

20, O = S (pwi® — mvi®nd) dv +
LO

+ [Fi@u® (1) — M (1) o (@) n? ) ]22 B (1.10)
Ng . 0 ,1\1% +0
— 3[R’ (@) =M @ i@ @] e_y

1

where the sum is taken over all nodal points TR(“) and the components for the tips t;, T,

drop out if the rod is closed. Taking into account that the rod elastic energy is <v?,

v>{r) > 0 because of (1.9), it is easy to prove a uniqueness theorem for the rod: the solu-
tion of the problem (1.6), (1.7), (1.1)-(1.4) in the class H{Y) is unique to the accuracy of
a rigid shift with the rotation vg;°(t) = Cj + Cse;4x;°(1).

Setting vi*® = Cj or vi*® = ejyx3° in (1.9), we also have that it is necessary for the
existence of a solution to the problem (1.6), (1.7), (1.1)-(1.4) in H(*) that the sums of the
forces and moments applied to the rod be zero

Np
5“pi(r)dr+Fﬁ”+F§2’+a§1F§§?=O; (1.11)

Lo

Ng
S Ipi@ ezl @) ~m@]de + FPeiaf (1) + FPeijal(t) — MP — M@ 1 3 [Fifeia? () — ME1=0. (1.12)
I =1

0

Because of (1.2) the tip terms Fi(j), M(j), j =1, 2 drop out of these relations for a
closed rod.

The relationships (1.6) and (1.7) can be integrated, then

vi = g1 + Ci + Caeijz} (1), vgi(T: p) = (1.13)

ey g

mn
[{g (1) V ()@ (n) M ()] &3 () — nf () | [a () N (O (n®) M ()] s
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lO
N0 p): = Fi (% p) RS (%), Fs(n% p) = — | pa(t)ydt + Fi(rys p) —

v
T

[

o’ 14 7’
— X FEMep: =— | a® ) e [ pwd— [ m@yd+ (1.14)
1%)<n° 1 Y1 Ty
+ Fi(ty; p)yt M%) + M (v3; p) — (g (g} ) — gt G FRP + MB).
A® 0

Here and henceforth y;*(n®) = ejj[x;°(n®) = x5°(11)15 a(n®) = x(n°)/G(n®); b(n°) = 1/G;(n°) +
xZ(n®)/6(n°); g(n°) = 1/6(n°) and the set of external loads for the rod {pj, m, FRi(Q),
MR(G)} is denoted by the symbol p without subscripts. The constants Cy (a = 1-3) in (1.13)

are arbitrary by virtue of the uniqueness theorem. Conditions on the jump (1.4) were taken
into account to obtain (1.14).

It is also necessary to put F;(t;; p) = —Fi(l), M(t,; p) = (1) to satisfy the first
pair of conditions (1.1) at the ends of an open rod. As is easily seen, the second pair of
conditions in (1.1) reduces to the solvability conditions (1.11) and (1.12) of the problem
for a rod in the original formulation (1.6), (1.7), (1.1)-(1.4).

The relationships (1.13) and (1.14) can be rewritten in the form

Voz (1;p) = 5‘ Iip; + H(lm) ] (o) + Hu (Tor D) F<I)+ Hum) (T T MY 4

Ty

Ng (1.15)
o 310 (o ) ER T o ) 292 oy — 9]y
=
where H(t) is the Heaviside function and I}, I{™ are Volterra operators
2
wPJ S T35 ( Ty, £) p; () dt, [Hélm) j g™ (T, ) m (2) dt,
T
, i1.16
11 (7. 2) ==—k1- (o) [#] (x0) g (70) — a (1) (4 () — v} (wo))] + (1.16)

( o) | E (To)‘“uj()“‘yy( )(B(To)“B(t»L
Hé””’ (Tgr 1) = — K3 (vg) a (%) + n} (1) (B (1) — B (1)

Here the functions Ej, B are determined in terms of the rod stiffness and geometry

]

f b(n%)dn’, £, (1) =

T

lam® [ M) + 0 yi O] + i 00/6, ()] dne.

A O

1 1

After substituting (1.14) into the force and moment continuity cenditions (1.2) for a
closed rod, we arrive at the solvability conditions (1.11), (1.12), just as for the open rod
(if the end terms are discarded there). If the stiffnesses are 0 < (G(1), G;(1)) < » at
least at some part of the curve L,, then by taking account of the Green's formula (1.10) it
can be shown that the continuity conditions for the displacements and angles of rotation
(1.3), not utilized up to now, are necessary and sufficient for determination of the three
unknown constants Fij(t;; p) and M{(t;, p) in the form of functionals of p; and m. Substi-
tuting these values for the constants into (1.15), we obtain

oi (T; p) = f [Hl./p] T H( )m] (Tg) + Z [[Hw (170 T(a)) F(d)
T (1.17)

1
4 T8 (7,79 2] H (v, — mU+H(W“MF$%JWWGM$UM$}ﬁW

where the operators II;;, ™ are sums of the Volterra operators ILWIflm) represented in

101



(1.16) and finite-dimensional (degenerate) operators

[T3p31 (t,) = [Tp5] (o) + S 133 (%o, 1) ps (8)

LO
[MPm] () = [IE™m] (rg) + | T8 (v 0y m @y (1.18)
| )
ng (Tgs B) = — k? (To) ['“ A‘g {T) Newj B g(ty)—a (o) (Z.;J (t) + ?/é (7o) Neuj (5»] +
+ 1 (Tg) [— s (1) E (7o) — 53 (8) B (1)l
™ (7, 8) = — 13 (7g) [— A3 (1) 15" () g (10) — @ (%) (6™ () +
+ gL @)™ )] + #d(ty) [— 18 () Ea (7)) — L™ () B (15)]-

The functions Najs> Cj» na(m) (m) are determined explicitly in terms of the rod curva-
ture and geometry

=Bt +1), ES=Ei(v, +1), BY(t)=B"—B(),EY (v) = EY — E; (v),
&) =[E @ —y} B (®) — Einis ()]/B% s (1) = (27 o (v, (1.19)
(Q_l)ih = (6ionuz - Qik)/A/\, AA == Q11922 - Q129217 Qii == Ingo - EgE?’
0y (1) = [ 15 () — g} ) BY (0] B — [E; (v) — v} () BY (v)] ED,

T

i) = | Lm0 [K 000 + 2,00 5 O] TS (1) + 2 (1) (0] +

Ty

+ [1/G, () ) MMy dn?,
1Y =T (v + D), I () = 18 — L (r), 0™ (1) = (@7 )of™ (1),
£ (1) = [EW™ (1) — BY @]/B", o™ () = EY (v) B — EIBY (v).

As already mentioned, by virtue of the Green's formula the relationships (1.19) yield
bounded kernels if Hijo, Hij(om) at some part of the curve L, 0 < (G(1), G;(1)) < ». When

G(t) = G,(1) = = on the whole rod, it is necessary to set vy; = 0. And when either the longi-
tudinal stiffness is G(t) = » or the bending stiffness is G;(t) = « at each point of L, the
conditions (1.3) can already not be necessary and sufficient to determine the forces Fi(Tl;

p) and moments M(t;; p), however the displacements v;° will nevertheless be determined and
unique to the accuracy of constants C; and the functions vj,° are representable in the form

{(1.17), where the kernels II;
and (1.19).

The equations presented in this section and the reasoning are carried over also to cylin-
drical shells homogeneous along the generators that are under plane deformation conditions
if G(t) = E(1)2h(t)/(1 — v3(1)) is the linear longitudinal stiffness, G,{t) = E(t)[2h(x)13/
[12(1 — v2(t))] is the linear bending stiffness of the shell and are set in (1.6) below (I,
v, and 2h is the Young's modulus, Poisson ratio, and thickness of the shell). The distributed
forces and moments referred to the middle surface will be taken as pi(t) and m(t)

ij e, Hij(om) can be obtained by passing to the limit from (1.18)

Ay
pi@) = | BB+ 0 (v, hy) Tos (1) — 0z, h) Ti (@),
S .
By -
m(t)= | 0c, BB () T (1, B dE + 0 (. k) B (1) T (0) K2 () — (1, h) b (8) T () K2 (1)
A__ .
2. BOUNDARY VALUE PROBLEMS FOR PLATES WITH ONE-DIMENSIONAL
ELASTIC REINFORCEMENTS

Let us consider a finite or infinite simply connected or nonsimply connected homogeneous
linearly elastic plate D of constant thickness H, reinforced along a certain part Ly. of the
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boundary 8D by edge rods (stringers) with axes Ly while there are also still internal rods
with axes Ly in elongated cavities with edges Ly+. The total number (connected parts) of
stringers equals N. Let uj(x), o0jj(x) be the mean displacement and stress with respect to
thickness in the plate. Then the Lamé equations

(A* + Wy + pug,y; =0 (2.1)

are valid for a plate in the plane stress state (A% = 2Ap/(A + 2 p), A and u are Lamé con-
stants).

Let us write down the boundary conditions for these equations generated by the rod rein-
forcements. Force transmission from the stringer to the plate can be described by different
methods [1, 2]. For definiteness, we consider that it occurs along the line of intersection
of the plate middle plane and the rod side surface (infinitely thin plate) that is at a dis-
tance h(t) from the rod central axis, i.e., along a line with the coordinates x;°(t) +
n; °(t)h(t). Displacement continuity conditions should be satisfied on the line of contact.
For the edge rod we have

ui('q—)i@D = Ui(rv - (T>)7 5. e Lb—‘

Analogously for the inner rod

ui(St)lap = vilt, he(t)), s+ & Lyy.

Here s+ is the parametrization of the rod and plate lines of contact associated with the
parametrization t of the rod middle line Ly, Ly, (and in agreement with it to the accuracy of
a sign for a zero thickness rod); the sign + refers to quantities on the right, and — on the
left of the line of rod contact with the plate (during a positive traversal); hy(t) > 0;
h_(t) < 0; dsi = ?[S(T, hi)]dT.

Using (1.5) to express the displacement v;(t, hi) of the stringer in terms of the dis-
placement of its central axis v;°(t) and taking account of the expression of these latter in
terms of p; and m in the relationships (1.15) and (1.7), we obtain boundary conditions for
the inner reinforcement of an elastic plate by a finite-thickness elastic rod

&i@i;u)::zqiﬁi)—-m(r,hi;pwﬂ = v, (1, hyy pO), T = ls). (2.2)

Analogously for the edge stringer, we have condition (2.2) just for &;.(s_; u). Here ple)
is the part of p generated by the external forces Ti, fi as well as the tip Fi(k), M(k) and

the concentrated forces and moments by means of (1.8), while p(P) is the part of p generated
by forces with which the plate acts on the stringer.

For the inner stringer

PP (1) = [ 04 (s)8 (T, b)) 5 (54) — 03 (s2) B (1, o) oy (5]
P (1) = [— 043 (52) O (%, hs) by (5.4) — 045 (52) & (v, By s (s )1 K () Hy (2.3)

where Oij(si) are the stresses in the plate on the lines of contact with the rod. We should
set oij(s+) = ( in these formulas for an edge stringer. We assume that M{t; p(P)) = Fi{ty;
p(P)) = 0 for unclosed stringers [for closed stringers they are determined uniquely in p(P)
from conditions (1.3)]. Let us note that by virtue of (1.13), unknown constants Ci(k) (i =
1, 2, 3, k = 1-N), its own for each of the N stringers, enters into the variable Vi(T, hes
p(P)) in (2.2).

The boundary conditions (2.2) must be supplemented by the last two boundary conditions
in (1.1) for © = 1, [and on a closed stringer by the conditions (1.12)] equivalent to (1.11)
and (1.12) from which we obtain on each of the stringers

Fi(x®; p®) 4 F¥™ =0, i (07 pP) + M =0, k=1 —N; (2.4)



Fi(xd; )= — Sl pi tydt, M («f?; p™):= : (2.5)
) ’
1
W ;f>
P S ni(?)dr.Y pi? dt — x m® () dt;
T(lh) T;([h) _[(11{)
(R)
T2
FR . g ie) (tydt — FED _ ple 2 F&,
T%) : (2.6)
) < QS ‘
MW= — { n@de | pP0d— [ mO@d— M —n -
- RO r("" RO
1 1 1

— F{Oy () — llyl () — i ()] PR + MG,
o=

where Tz(k) = Tl(k) + o(k), Fi(kl) + Fi(kz) = M(k1) + M(k2) = 0 on each of the closed string-
ers.
Thus, if the plate along the part Lj_ of the boundary 3D as well as on the internal con-

tours Ly+ is reinforced by N elastic rods with longitudinal and bending stiffnesses differ-
ent from zero, then we arrive at a boundary value problem for Egs. (2.1) with boundary condi-

tions (2.2) on Ly+, Lp (and corresponding conditions on the rest of the boundary 3D\Lp-) as
well as by conditions (2.4) for the functions uj(x) and the constants o (k) (3 =1-3, k =

1-N). Here pl(P) = pl(P)(T, w), m{P) = n(P)(7; u) are calculated by u51ng (2.3). 1If their
thicknesses are considered zero in the rod models under consideration, while the stiffnesses
are different from zero, then we must set hy = h. = 0, s. = —s4 = 1 in (2.2) and (2.3) and

the edges Ly+ coincide and n(p) =
We now obtain the Green—Betti formula for the plane problem of elasticity theory for the
boundary conditions (2.2) and (2.3). Let B(r)(D, L) be a class of functions u;(x) satisfying
the Lamé equation (2.1) in D\L such that the set {vlo(p(p)(u)) Fs (p(P)(u)), M(p(P)(u))} e
H(r)(L) constructed by them using (1.13), (1.15), (1.17), (2.3) the bilinear form for any
two functions uj, ui* from B(r)(D L) is bounded

2 ¢u, u*y™/(D) 1= \ S [\ il 5 + (s + w9 (uiy + uii)] dD (2.7)
5 .

and the Green—Betti formula holds in D

2 (u, u*yP(D) = S‘ u; (8) 05 (s; w) nj (s) ds,
ULy

while regularity conditions [uj(x)| < Ci, uj 3(x) = o(R7*), R? = %32 > » are still satisfied
for the infinite domain D.

Let us note that the imbedding in H(Y)(L) will be satisfied if oij(s; u) € Li(L), (|n],
[x]) < = and (G, G,) # 0.

For uj, uj* € 8(r)(p, Ly U Lp) we introduce the bilinear form <u, u¥ > (Pr): = (u,

u® >(P)(D)H0 + <vo(u), vo(u* )>(r) (Lp U Ly), where the bilinear form <(v° vx95(r) ig given by
the relationship (1.9). From (2.2), (2. 3), and. (2.5) we have the Green—Bett1 formula for a
reinforced plate

2w, uyP) = [ S. 8i (s u®) oy (s u)n;(s=)yds_. +
Lb—
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+ § blwoslmn s + [ S (sriut) ol X

Loy~ Lys
X nj(sy)dsy -+ 5‘ u; (8) 035 (85 1) By (3) ds:‘ -+
IDNLy_.
(2.8)

b

+ 3 [ (0 0% ) P (e pP () —
k

~ of (8 P (@) na () M (5875 p ()]

l
A

We call the problem for (2.1) in which the elastic reinforcement conditions (2.2) and
(2.3) are given on the inner contours Ly+ and the part Ly. of the boundary, the forces

0;5(s; u)nyls) = g;(s), s = Lr, (2.9)

are given on the part Ly of the boundary, and the displacements

u(s) = fils), s Ly, (2.10)

on the part L;, the problem (r — T — u). If the sections Ly = 6 or Lt = 6 or conditions of
elastic one-dimensional reinforcement are given on the whole boundary 0D, then we arrive at
the problems, (r = T), (r — u), and (r), respectively.

Taking into account that <u, u>PT 2 0, we obtain the following uniqueness theorem in the
class B(r),(D, Lp U Ly) from (2.8). The solution of the problems (r) and (r — T) is unique
to the accuracy of a rigid shift uci(x) = vei(x) = Ci° + C3 3%y (x € D) in a finite domain
D and to the accuracy of a rigid shift without rotation ugi(x) = voi(x) = ¢;° (x € D) in the
infinite domain D. The constants Cj(kc) = Cj0 (j = 1-3, k = 1-N) in (1.13) for each connected
part of the reinforcement. The solution of the problems (r — u) and (r — T — u) is unique
in both the finite and the infinite domain D.

Let us note that sufficiency of the conditions (2.2)-(2.4), (2.9), (2.10) hence follows
for uniqueness of the determination of not only uj and v,; but alsc the constants Ci(k) on
all rods {Cj(ko) = Cjo to vgi accuracy in the problems (r) and (r — T)].

Setting uy*(x) = vy* = C; + CaejX; (x € D) in (2.8) (C; = 0 for the infinite domain
D), and taking account of (2. 6) we have that it is necessary for the solution of the prob-

lems (r) and (r — T) to exist in the class B(T) (D, Ly U L) that the principal vector, and
for a finite domain the principal moment of the external forces applied to the reinforced
body as well, be equal to zero.

Up to now we spoke in this section about the problem of the plane state of stress for a
plate reinforced by a rod (stringer). But it is easy to see that all the assertions obtained
here are also carried over to the plane strain problem for a cylinder reinforced by a cylin-
drical shell if A% is replaced by A in (1.1) and (2.7} and we set H, = 1 in (2.8) and take
account of the remark at the end of Sec. 1.

3. STRESS SINGULARITY AT ANGULAR POINTS AND ENDS OF STRINGERS

We assume in analyzing the singularities that the stresses near the singular points in
the plate satisfy the estimate oij(r) = 0(r"Y), v < 1. Hence, taking account of (1.13),
(1.14), and (2.3), there.results that if the stiffnesses G(s) and G;(s) at the point s, under
investigation are not zero while the curvature x(s) is bounded, then |v;(s,, p(P), m(Pj),,
[niﬁi(s*p(P), m(P))]'l < «, Then components with these terms can be carried over into the
right side of (2.2} and we arrive at the problems

u(s_) = vylv, ho), so & Ly, ugi(sy) = vilt, by, s2 Ly, (3.1)

where the right sides vj(t, hi) are conditionally continuous while their derivatives are
bounded at s, and Holder-like in the left and right neighborhoods of s, if the functions
x(1), §(t, h+(r)), 1/6(t), 1/G,{(1) possess this property. Furthermore, we denote the param-
eters s+, hy by s and h if s, € L+, respectively, 1, = T(S“) But conditions (3.1) are the
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boundary conditions of the first boundary value problem (according to Kupradze) and the
stress singularity has been studied well in such problems (see [10, 11} and their bibliog-
raphy). Let w be an interior angle of the contour Lp- or Ly+ at the point s,. If m < w <
27, then the displacements and stresses in a partial local coordinate system (r, 8) with
origin at s, and angle 8 measured counterclockwise from the bisectrix of w have the form

1

II
uilp, 8) =Ci + 2 Ko™ (@) 0" "™ + u3(8)p + ul (o, 6),
it . (3.2)
o1 (P, 6) = > Km0 (0)p ™ + 6% (8) + o; (p, 6).

M=%

Here the degrees of the stress singularities y;1i(w), y,1i(w) € (0, 1) are roots of the
equations A,(x, w, ¥;11) = 0 and a,(-%, w, v,1I) = 0, respectively, where the function 4, « (%,
w, Y): = % sin [(Y - Dwl] + (v - 1)sinw and the plane elasticity theory constant x = (A% +
3u)/(A* + u) for the plane state of stress and x = (A + 3u)/(A + u) for plane strain. The
stress intensity factors Kj depend on the geometry and given loads and should be determined
from the solution of the problem as a whole. The eigenfunctions ul(m)(e), 04 (m)(e) depend
only on the aperture angle and are written down explicitly u;*(p, 6), ug ;¥ “(p, 6), 0j4* “(p,

6) > 0 as p » 0 while the functions u;°(8), 0130(8) bounded for 7 < w < 27 (as can be shown,
say, by using methods of [12]) have the form

uy := — (B, — B, ctg ) cos 20 — (B, ctg © + By)sin 20 — Bsin 0. (3.3)
uy:= (B, — B, ctg w)sin 20 — (B, ctg © + By)sin 20 4+ By/sin o,
Opp := — (B, — B, ctg ©) cos 20 — (B, ctg ® + By)sin 20 — 2B /{(x — 1) sin 0],

089 := (B, — B, ctg ) cos 20 4 (B, ctg ® + By)sin 26 — 2B,/[(x — 1)sin 0],
009 := (B, — B, ctg ®)sin 20 — (B, ctg o + Bj) cos 26; ‘
B, 1= 5 s (54) €08 (0/2) + us s () sin (w/2), (3.4)
By 1= — uit, (s4) €08 (0/2) — 3,4 (54) sin (0/2),
By i= 1] s (5,) sin (/2) — wj s (54) cos (0/2),
By = — ufs(s4) sin (0/2) + u3 5 (s4) cos (@/2),

ug,s (85) = [i,s (T (5N, ués (54) = vis (x (S*))]A-

Here and henceforth, the notation is ¢5(sy) =0 (ssx + 0) + @ (se — 02, @4 (sy):= 1@ (s5 + 0) — @ (s —
0)1/2 for the function ¢(s). Hence it is seen that in the first problem the coefficients
are determined explicitly in terms of the tangential derivatives of the given boundary dis-
placements around the angular point. Taking account of (1.5) we obtain [ui,sni}A =—[h(1 +
xh) " tuy gky JA from the last condition (1.4) in the problem under consideration with given
elastic relnforcements, i.e.,

B,sin @ — Bycos 0 = (h/ (1 + )12 (B, cos o — B, sin o) —

.5
— |k /(1 + qh) I (B1 cos o + Bjsin o). (3.5)

Therefore, B, can be expressed in terms of the remaining coefflcients B,, B3, B,, which, like
Ky, are not determined a priori. Let us note that if h(r ) 0, in particular, if the rod
has zero thickness, then because of (3.5) the first parentheses in each of the expressions
(3.3) equal zero while if h = 0 and w = 7/2, then the tangential stress is og, = 0.

In the case when w = 7, i.e., s, is a point of smoothness of the contour, the asymptotic
(3.2) and (3.3) is replaced by the follow1ng
up(0,9) =Co (@) +{[— (¢ + ()2 B (Inp — 1) + Ky, ]sin 20 +
4 Ky (00520 + 1) — B, (%)= 0 [(% + 1) c0s 20 — % + 1] - By} p + up (0, 6),
ug(p, 8) = Co(8) + {[— (% + 1) (nx)~* B, (Inp — 1) 4 Ky (cos 20 - 1) —
— K,5in 20 -+ B, (r)=1 (% + 1)0sin 20 By} o + ug (o, 6),
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Opp = 2u{[ — (% 4+ 1) (an)"1 By Inp + K] sin 20 -

+ Koy [c0s 20 + 2/(n — 1)] + 8 ()2 By [— (% + 1) cos 20 + 2] +

+2B,/(% — 1)} + gy,
Oop = 2U{— [~ (#—1)(wx)"1 ByInp + K,,]sin 20 +

+ Koo [— €05 20 + 2/(x — 1)] + 0 (mx)~1 By [(% + 1) cos 20 + 2] +
+ 2By/(x — 1)} + O, (3.6)

Opg = 2u{[— (¢ + 1) (nn)~1 B Inp + K] cos 20 + K, sin 20 -

+ 0 ()1 By (% + 1)sin 20 — (nx)~1 B,} + 0.

Here and henceforth Cp(e), Cg(6) is the constant shift C; in Cartesian coordinates expressed
in polar coordinates, for simplicity it is assumed that h(s,) = 0 for w = 7, then B, = 0 be-
cause of (3.5). The remaining coefficients By, just as the factors K,;, K,,, are generally
not determined a priori. However, if we use the notation xu(t): = x{(1) + G(t)n(1)/[G,(7)8(x,
h)], then for w = 7 we find Fik; (1) + xp(MR = G(t)uj, (s)ki(s) from (1.5) and (1.6). Then
taking account of (1.4) and (3.4)

By = [FRak? (1) 4 o (te) M — 290 (v3) M* (1) + 262 (v,) 8,)/[26° (v,)], (3.7)

where Fpi* and Mg* are concentrated external forces and moments at the point t,. It is

hence seen that for ﬁ(s*) = 0 the logarithmic terms in (3.6) can occur when there is a con-
centrated longitudinal force or moment at the point of smoothness s, or a jump in the longi-
tudinal stiffness G or in xy. If the longitudinal stiffness and xp are continuous, the coef-
ficient B; of the logarithm is expressed explicitly in terms of the given concentrated force
and moment and equal zero if they are missing at 7,.

If the angle is 0 < w < 7 at the point s, then the asymptotics (3.2) and (3.3) hold with
(3.5) taken into account but for K; = K, = 0 terms with these exponents can be combined with

ui*, Gij* since YIII, 7211 < 0. Therefore, the principle parts of the asymptotics are given
by (3.3).

If 6 = G; = =, then from (1.5) and (1.6) it is easily seen that uj g = cynj. Then B, =
B, = Bycosw + Bysinw = 0 and in place of (3.3) for w # 7 we obtain uy’ = oppo = opeo = 0,
ug? = B;/sinw. For w = 7 it is necessary to substitute relationships B; = B, = B, = 0 in
the asymptotic (3.6).

The asymptotics (3.2}, (3.3), (3.6) indeed refer to an analysis of the tip domains of
internal stringers with nonzero thickness if it is assumed that the stringer model being used
is applicable at these points also. Then w are the angles of the local geometry of the tip
domains. If the internal stringer thickness in the tip domain equals zero then w = 27, y; =
Y, = 1/2 in this domain. As before the asymptotics of the displacements and stresses have
the form (3.2) for w = 2m but the smallest terms u;°, 0;4° will here differ from (3.3). If

s, is the point where contact between the edge stringer and the plate terminates and, more-
over, displacements are given on the boundary, then interchanges of the type of boundary con-
ditions of the asymptotics (3.2)-(3.4), (3.6), (3.7) are conserved completely at this point.

By analogy with the above, it is easy to see that at the point of interchange of the
type of boundary conditions occurring at the end of the edge stringer when forces are later
given on the boundary (conditions of the second problem), the asymptotic will be the same as
in the neighborhood of the point of interchange of the type of boundary conditions of the
first and second problems (see [10, 11]) outside the dependence on the stiffness, thickness,
and curvature of the stringer if the stiffnesses are G(s,), G,;(s,) # 0 while x(s,) # » at
the points s, being investigated.

Therefore, in problems with one-dimensional elastic reinforcements having nonzero longi-
tudinal and bending stiffnesses and bounded curvature, the principal terms of the asymptotics,
-and particularly, the degrees of the singularities will be the same as in the problem with
given displacements. The influence of the stiffnesses and curvature affects only the values
of the coefficients of this asymptotic.

Let us note that the case when G(s), G,;(s) » 0, x(s) » » as s > s* can be investigated
by methods similar to those used in [13, 14].
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For rods (shells) of nonzero thickness in zones with large curvature, including in the
neighborhood of angular point of the axis, there occurs an intersection of the normals to it
in the bulk of the rod. For a correct formulation of the problem it is necessary to refine
the theory of rods in such zones. In particular, these zones can be considered rigid inserts,
i.e., G = G; = » can be set there. To remove given and contact forces distributed over the
rigid zone on the axis, (1.8) and (2.3) can be replaced by any relationships yielding their
principal vector and moment in this zone. Then the results obtained above are conserved even
for such cases,
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